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Note

On the Zeroes of a Polynomial
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Let P(z)= ;';(} a;z’4+:z" (n22) be a polynomial with complex coefficients,

where not all of the numbers ay, ..., a,_, are equal to 0. We prove that if P(z)=0,
then

n 12
- A
]:+%an—l|$%|an—1|+<z Ian—jlaj >
j=2

with a = I/max, ., |a,_;|'. € 1995 Academic Press, Inc.

In this note we designate by P the polynomial P(z)=%7_( a;z/+ ="
(n=2), where a,, .., a,_, and z are complex numbers. Moreover, we
assume that ag, .., a, _, are not all equal to 0. The following proposition
concerning the location of the zeroes of P was proved by Walsh [4] in
1924.

THEOREM A. If P(z)=0, then
lz+3a, 1l <zla, i+ ), la,_ |7 (1)
j=2

New proofs of Theorem A were given by Rudnicki [3] and Bell [1]. In
1970 Rahman [2] presented an interesting refinement of inequality (1).

THEOREM B. If P(z)=0, then
|:+%an—11<%‘an—]|+(‘M’ (2)
with M=3"_, |a,_|'"Y and c=max,_,_, (M~ |a,_|'"V)/=1%

* Current address: Department of Mathematics, University of Zimbabwe, P.O. Box MP
167, Mount Pleasant, Harare, Zimbabwe.

421

0021-9045/95 $6.00

Copyright € 1995 by Academic Press. Inc.
640-81:3-9 All rights of reproduction in any form reserved.



422 NOTE

Since 0 < ¢ <1 it follows that (2) sharpens inequality (1). In this note we
prove a counterpart of Rahman’s result which provides a new refinement
of (1).

THEOREM. [f P(z) =0, then

n 1/2
I:+;l’an!'<%lanll+< Ianfj‘ aj72> Rl (3)

7

With *= 1/max2 <jsn |an/j'|l/j-

Proof. Let K=(X"_, la,_;| o/~ %)% We assume (for a contradiction)
that - does not satisfy inequality (3). Then we obtain

2]+ L a, =1z 4+ Sa, o > L a, | + K, (4)
which implies
[z| > K. (5)
Let
by=la,_;lo’ K" (2<j<n)
Since

n ) 1/2
ocK=<Z |a,,,jlaf> =1,
I=2

we get for j=2, ., n:
b K~ =la,_,| (aKY "> >1a,_,|. (6)
From (5) and (6) we obtain for j=2, .., n:

|an—-j' Sb/ lzljil
and
lan——j' ]:|n~j<bj Izl"_"

Summing leads to

Yo aw_jl ="/ < .Z b lzI" '=K|z|" " (7)

Jj=2 j=2
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From (4) and (7) we get

12"+ 3a, 12" > (G la, | + K) 2"

n
>%lan\ll I:’"_l + Z |anf_jl I:l"7I
i=2

n
1 ~n—1 N
ian*l“ + z anfj" .

j=2

P

Hence, we obtain

n

1 -n—1 ~n—
Ya, ="'+ Y a, ;2" |>0,
j=2

|P(2)| 2"+ 34, 12" =

which contradicts the assumption that = is a zero of P. |

Remark. Since

n ) 1/2 " ) n } —1/2
P D G o Y I
j=2

ji=2 ji=2

WIth |anfj| aj7 ! < |an\j| W (2 g,}é n) and (Z_’j’:z |an *jl a'i) -2 < l, we
conclude that (3) refines inequality (1). It is natural to ask whether the two
bounds given in (2) and (3) can also be compared. The answer is “no.” For

instance, let
P(z)=="+a,z+a,

with [a,["" =" ={a,(*" >0 and n=3. Simple calcuiations reveal that the
bound given by (2) is better than the one given by (3). However, if
a=la, ,|~'? then (3) provides a better bound than (2). We prove this
assertion:

Since |a, _;|'"/<a ' for 2<j<n, we get

"n— n~j|l““j Ianfl‘uz' (8)

|a’7*j| ajrz: la jl Ianfl‘ —Uman < la

And, from the Cauchy-Schwarz inequality and (8) we obtain

3l 2= (3 bl [Tl

J=2 ji=2 ti=2
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<Y la, 1 a, |'?

n ) 2/k
< max [z ja, |a,,_k|“‘/“/k}

2<sk<n j=2
=(cM),

with ¢ and M as defined in Theorem B.
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